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Abstract. We prove some Hardy-Dirac inequalities with two different 
weiglits including measure valued and Coulombic ones. Those inequali- 
ties are used to construct distinguished self-adjoint extensions of Dirac 
operators for a class of diagonal potentials related to the weights in the 
above mentioned inequalities. 



1. Introduction 

In this work we deal with the problem of self-adjointness of Dirac op- 
erators. Many authors have studied this problem for Dirac operators Hq 
coupled to an electrostatic potential V. Denoting Hq = —ia ■ V -|- /3 where 
a = {ai,a2,a3), 

2 



I2 is the identity operator on C and 



01\ f -i \ (I 



^1 = I 1 ; ' ^2 = V ^ ^3 - V -1 

is the family of Pauli matrices. 

If y is a bounded function which tends to at infinity, the operator 
Hq + V with domain H^{R^, C^) is self-adjoint, see for instance ^19j. How- 
ever, if V has singularities, one is interested in constructing self-adjoint 
extensions of Hq + V originally defined on the domain C^(M^,C^). The 
papers [El [Ml [TSl [13 [ISl [HI [TOJ treated this problem by using a dif- 
ferent method depending on the singularity of the potential. Those works 
dealt exclusively with electrostatic potentials, while in [21 131 |3l [2D]; Aral 
and Yamada consider more general matrix-valued potentials. Results on 
the essential self-adjointness of Dirac operators with relativistic (5-sphere in- 
teractions can be found in [Sj [6l and similar results for the Schrodinger 
operator with point interactions in See notes in [19j for the complete 
bibliography. 

We will restrict our attention to [lOj, the most recent work among the 
above mentioned ones, in which Esteban and Loss use a method based on 
Hardy-like inequalities. Let us explain this result in more detail. Let V : 
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M'^ — )• M be a potential such that for some constant c{V) € (—1, 1), F := 
SUPK3 V <l + c{V) and for every ip E C^{R^, C^), 

Then Esteban and Loss can construct a distinguished self-adjoint extension 
of the operator + V defined on C^(]R^,C^). One of the components of 
the operator is extended by using the Friedrichs extension and inequality 
(jl.ip . and the remaining one by choosing the right domain for the whole 
operator. In the same authors point out that an extra condition on 
the potential is needed for the construction of the self-adjoint extensions 
mentioned in [10]. The natural condition to get the desired symmetry on 
the operator Hq -|- is that each component of 

(1.2) {-f-vy'^vv 

is square integrable, where 7 is any number in (F, 1 -|- c{V)). 

In this paper we generalize, in some sense, the above mentioned result. 
Consider Hq = —ia-V +mf3, using similar techniques as in [10], we construct 
distinguished self-adjoint extensions of Dirac operators defined as Hy = 
Hq — V with potentials of the type 

/.;i(x)I, \ 

V W2{x)l2 J 

where wi is a real function or a singular measure and W2 is a function. 

Assuming that W2 is positive, for wi negative the proof runs quite straight- 
forward. However, for the positive sign of wi we need to prove Hardy-Dirac 
inequalities such as 

(1.3) / wM'<[ '7^'^'V (^ + A) / 
Jr3 Jj^s m + W2- X Jk3 

for some A € (— m, m). 

Estimates of the type (jl.Sp are proved in Section [2] and we use them 
in Section [3] to prove the self-adjointness of the Dirac operator Hy- In 
particular, they are used to define a Hilbert space 7i with the inner product 

{4',v)h-=[ im-wi + X)(j)-Tp+[ -ia ■ S/ip. 

Jr3 J^i m + W2- X 

By using the Riesz Representation Theorem we are able to extend one com- 
ponent of the operator. The remaining component is extended by choosing 
the right domain T). Moreover, we avoid the extra condition on the gradient 
of the potential equivalent to (|1.2p thanks to the particular structure of the 
inner product, which is itself symmetric. Therefore, if we take wi = W2 = V 
such that sup^._^o ^(^) < we improve the result of [lOj in the sense that 
we can construct a distinguished self-adjoint extensions without using the 
condition ()1.2p . 

Some examples of Dirac operators and Hardy-Dirac inequalities are given 
in the last section of the paper. 
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2. Hardy-Dirac estimate 

Definition 2.1. Let A be the class of potentials that contains all pairs of 
positive radial measurable functions, Vi, V2 : M'^ ^ R+, that satisfy 



A4Vi,V2] :=sup 

r>0 

and 

dt 

^.[Fi, 1/2]:= sup 

r>0 



{Vl{t) + V2{t)) f dt 

Jo 

{V,{t) + V2{t)) 



< +00 



< +00. 



We can now state the main result of this section. 
Theorem 2.2. Let Vi,V2 G A. For any (j) G L'^{W^,C'^) and any 7 > 0, 



,|2 



^2 + 7 



The inequality holds whenever the right hand side is finite. We follow the 
approach of [7J for the proof. For the convenience of the reader we state 
the relevant results on the spectrum of a ■ L and the projections associated 
to the spectral space, Xk, without proofs, thus making our exposition self- 
contained. 

Lemma 2.3. The spectrum of a ■ L is the discrete set {k € 7^ : k ^ —1} 

and a ■ L applied to a radial function is zero. Moreover, if (j) is a continuous 
function, then Pfc</>(0) = for any k G Z/{0, —1}. 

The key points are that L commutes with all radial functions and that -1 
is not in the spectrum of a ■ L. 

Lemma 2.4. For any k, I G Spec{a-L), kj^l, Pk{a-LfPi = Pi{a-LfPk = 
in H^'T^^ 



Corollary 2.5. Any function cp G -L^(M'^,C^) can be written 
with (pk G Xk and moreover, if W is a radial function, 



[ W\a-V(j)\'^= y / W\a-V(j)k\ 



Definition 2.6. For Vi, V2 G A, Ak is given by 



A, 



/Vi(«) + ^2(s)) s'^'""'^ ds,kez,k> 0, 

r.>o r^(''+^) Jq 

sup r^C^+i) / (V,{s) + V2{s))^^,keZ,k<-2. 

T>0 Jr S ^ ~^ ' 
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We can see at once that < Aq for all € Z, A; > and Af. < A-2 for 
all k £ Z, k < —2, because Vi and V2 are nonnegative. 



Proof of Theorem \2.'A Let (j) € C^(M^,C^). From the fundamental theorem 



of calculus we write 

|2 



00 



|<^(x)|^ = K j^y -2(l){tLo){uj ■V(l){tuj))dt 
for r = a; = jIj . Suppose that is a radial and real function, then 



W\(t)Y = -2^( I du j W{rujy dr I (l){tuj){uj ■ V^{toj)) dt 

roo 

4.2 



-23ft ( I doo J (l){tuj){u} ■V(t){tu}))rgw{t) dt 



where 



1 



9w{t) := ^ / W{r)r^dr. 







By abuse of notation, we use the same letter W for W{x) and W{r). Now 
using the identity 

X „ ( X \ , „, 1 



(2.1) ^ • V = ( cj- ^ ) (d- V) + ^((T-L) VxGR3, 

\x\ \ \x\) \x\ 

for any (5 > and 7 > 0, we obtain 



(2.2) < ||5w||l-(0,oo) ^ ^ k-V(/>P 



dx + 6 [ iV2 + jMI"^ dx 



Take the nonnegative spectrum of a ■ L, i.e., k £ k > 0. We want to 
solve 

2k 

Wk + —9k = Vi + V2 Vr G (0, 00) 
r 

where 

9k = 9Wk{^) '■= ^ Wk{s) s^ds. 



Since 

d_ 

dr 



r^^ j\'^Wk{s) ds^ = r^^^+^^Wk + 2kr^^-^ j\^Wk{s) ds 
= r^^''^'HVi + V2), 



then 

'0 

The equation is solved by 



r s^Wkis) ds = r s^^''+^HVi{s) + V2{s)) ds. 
Jo Jo 



s 
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and 



2k 

Wk = Vi + V2 gk. 

r 



By definition of A^, \ \gw\\L°°(o,oo) — ^k- From the above and (|2.2p it follows 
that for (l) = cl)ke C^(M^ C^) such that 

a ■ Lcpk = kcpk, /c G Z, A; > 0, 

Jr3 J^3 V2+'J Jus 

Take 6 = — — , 



Vi\<Pk\^<Al 



W-^cpk? 



V2 + -/ 

Since Ak < Aq = A+ for all k eZ,k > 0, 



+ 7 



(2.3) 



VMk\^<Al 



+ 7 



+ 7 



We now apply the same argument for the negative spectrum of a ■ L. Let 
G C^{R^,C^) and write 



for r = oj 

m = 0, 



\4>{x)\^ = \4>{0)\^ + 2^(^j^ (P{tu;){u} ■V<p{tu))dt 

Using the same notation as before and assuming that 



where 



2K( I doj J (j){tu}){uj ■V(j){tu})yhw{t) dt 



hw{t) 



t2 



W{r) r^dr. 



By (|2.1|) and for any 5 > and 7 > 0, we obtain 



W — —rhwcr ■ L 

\x\ 



(2.4) < \\hw\\L °°{0,oo) 



|(J- V0|^ 
1^2 + 7 



dx + 5 {V2 + -fM'^dx 



For the negative spectrum of o" • L, i.e., k ^Ij^k < —2 we solve 

2k _ 



(2.5) 
where 



-hk = Vi + V2 VrG (0,00) 



1 f°° 

hk = hwk{r)-=— Wk{s)s'^ds. 

^ Jr 
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Since 



dr 



/CO \ POO 

Equation ()2.5p can be solved by taking 
and 

2k 

Wk = Vi + V2 + —hk. 

r 

By definition ||/h4^||loo(o,oo) = Ak. Let (t) = 4)k(^ Cf'(R^C2) such that 

a ■ L(f)k = k(f)k , k Z,k < —2 . 

By Lemma ()2.3p . (pkiO) = 0. Now using ()2.4p and the above estimates we 
obtain 



2 



Take 6 = ——. 



7r3 V2 + 7 



2 



Since ^fc < -4_2 = A^ for sdl k eZ,k < -2, 



(2.6) [ VM^<Al [ 



7 / I'Pfcl 



V2 + 7 

By (|2.3p , (|2.6p and using a density argument we conclude that 

(2.7) [ VM'<u,^^{Al,Al} [ ^7^ + 7/ 

for any (pk G L^(]R^,C^) such that o" • L(j)k = k(f)k-i k ^ I^^k ^ —1. Sum on 
A; G Z, A; ^ — 1 and use Corollarv 12.51 to complete the proof. □ 

Remark 2.7. (i) The constants yl+ and A- are scaling invariant. Let Vi{x) = 
aVi{ax) and V^{x) = aV2{ax) for a e M, then ,^2"] = ^+[^1,^2] 

and A^[V^, V^] = A_[Vi, V2]. 

(ii) Notice also that we could put two different scalings by taking 
A+[Vi,V2] := sup ^ / Vi{t) dt + sup ^ / V2{t) dt 

r>0 Jo r>0 Jo 

and 

dt o /■°°,_ . 



A4Vi, V2] := sup / 14 (t) + sup / y2(t) 

r>0 Jr ^ r'>0 Jr 



t2' 



In this case, since A-^- < A-^- and < A^, the constant in the inequality 
of Theorem 12.21 is worst, however, we gain on freedom. 
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Corollary 2.8. Let Vi,V2 G A, ci and C2 positive constants such that 

1 



C1C2 < 



max{Al,Al} ' 
and m G Then there exists a A € (0, m) such that 

Jm3 m + C2 V2 - A 



— A 

Proof. Take 7 = in Theorem 12.21 . Hence 

C2 



/ 



C2 C2 



By assumption, 



/ 



ci 7ir3 m + C2V2 - A C2 



Now, if 



Ci m + A 

2.8 ^ < 

C2 m — A 

the corohary follows. Note that we can choose A € (0, m) close enough to m 
such that (123 holds. □ 



Remark 2.9. The same results hold for Vi nonnegative radial Radon measure 
which, in what follows, we will denote by fi. In this case, we have to redefine 
A as the class of pairs fi, V2 such that ;U is a singular positive radial measure 
supported in R^\{0} and V2 is a positive radial measurable function bounded 
in a neighborhood of the support of that satisfy 



V2] := sup 

r>0 



^ (^^ t^dfl + V2{t) t^ dt 



and 

A4fi,V2] := sup 

r>0 



r^{ I -^df^+ V2{t) ^2 



< +00 



< +00. 



The proof of Theorem 12.21 for Vi a measure can be handled in much the 
same way, the only difference being in the definition of J^^ |(/>pd/i, i.e., we 
have to assure that the expression makes sense. 

From [9j we know that if /i is a positive radial measure, then 

\(t)\^d^i<c\\4>\\L2\\v<p\\L2 



I 



holds for some C if and only if fj,(B{0,r)) < Br^ for some constant B and 
all r > 0. Since /U € ^, it satisfies the inequality. Let be the support of /i 
and $7e := {x ■ d(x,$7) < e}. It suffices to show that (j),V(j) € . 



8 
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Define a smooth cut-off function rj as 

_ J 1 if X G 
"T-^XO ifx^03,/2. 

Assume that 

(2.9) c[ +c / |(AP<+oo forC,c>0, 

then (f) e L^(R'^,C^), in particular, it is in L^(r2e,C^). On the other hand, 
/ |V(#)|2= / \a-V{7]^)\^= [ 1((7-Vr?l2)0 + W V</.|2 

JR3 Jir3 JkS 

< 2 /" |Vr/p|(/)|2 + 2 / 7?2|ct . V(/.p. 

The first term on the right side is finite, because Vr/ is bounded and (p £ 
L'^{R^,C^). Let us show that so is the second one. Since W2 is bounded in 
fig, then 

[v'W-Vcp\'<[ \a-v<p\^<c[ ^:^^<+oo. 

Jrs Jn,,^, 7n3,/2 rn + V2-\ 

Therefore, if (|2.9|) holds Jj^s |(/>pc?/x is well-defined. 

Corollary 12.81 and Remark 12.91 will be very useful in the next section. 

3. Self-adjointness and Essential Self-adjointness 

Let y be a potential such that 

/u;i(x)l2 \ 

\ W2{X)I2 J 

where wi is a real function or a measure, W2 is a real function and I2 is 
the identity operator on C^. The Dirac operator coupled to the potential V 
takes the form 

Hy := -ia • V + m/3 - 

Proposition 3.1. Letwi,W2 real functions such thatwi{x) < andw2{x) > 
and locally integrable. Then, the space 

n:=\cPeL\R^C'): f + f (1 - < 00] 

is a Hubert space with the norm 

m\'n= [ / (l--i)H^- 

JrS i- + W2 Jm.3 

Moreover, for any a,b > the T-L-norm is equivalent to 

11*11*=/ T^+/ (--".M^- 

« J^3 b + W2 Ju3 

In particular, a = m + X, b = m — X if X ^ {—m, m). 
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Proof. It is easy to check that 

{(t>,v)n-=[ {l-wi)4>-(p+ [ ^-^—^-ia-Vip 

Jr3 J^3 L + W2 

is an inner product. 

We have to see that T-L is complete. Let (pn be a Cauchy sequence in 7i, 
then so is in L^{1 — wi) and a ■ \7(f>n in ( ) • Hence, there exist a 



function (j) € L^{1 — wi) such that 



1 + 1^2 



n— J-oo ^ ' 



and a function ih G L'^ ( | such that 

Um \\a ■ S/(j)n -tp\\,2f 1 A = 0- 
We claim that ip = a ■'S/(j). Since 

IJ, J,|2 / /" /I Mi i|2 



< / {l-Wi)\(t)n-(t)Y 

(j)n tends to (p in -L^(M^,C^) when n — >■ oo. Now, let 93 be a test function, 
then 



/ 



1/2 



Notice that since W2 is locally integrable the second term on the right side is 
bounded. Moreover, the first term on the right tends to zero, thus, a ■ V(pn 
tends to ^ in the sense of distributions. Now recalling that if (/)„ tends to (p 
in L^(M^, C^) when n tends to cxd, then 

lim 



n->-oo dXj dXj 

in the distributional sense, it follows that 

lim a ■ Vcpn = o" ■ V0, 

n— >-oo 

which completes the proof. 

Moreover, since there exist a constant c such that c > a and c > — — — - 

b + W2 

and another constant C such that C > - and C > it is easy to 

I + W2 

check that Ti and H norms are equivalent. □ 

Proposition 3.2. Let Vi, V2 G A and A^,A^ given by Definition \2.1\ Let 

wi and W2 such that 

(3.1) Q<wi,W2, wi{x) < ciVi{\x\) and W2{x) < C2V2{\x\) , 
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and C1C2 < ttt — ttt- Then the space 

is a Hilbert space with the norm 

|2 



For any a,b > the Ti-norm is equivalent to 

In particular, we can take a = m + X, b = m — X if X € {—m, m). Moreover, 
if we take X such that the condition \2. 8\) holds, 



m + W2 — X 
also defines an equivalent norm. 



Proof. The fact that Ti is Hilbert is the particular case wi = in Proposition 
13.11 To complete the proof we only need to see the equivalence between the 
7i and norms. However, before doing that we need a previous result. 

Since C1C2 < tto — ttt^ then there exists e > such that 

max{A^, A±} 

(1 + e)ciC2 < ^ 



ma.x{ A\,A'i}' 



Hence, (l+e)ci, C2, Vi and V2 satisfy the hypotheses in Corollarv l2.81 There- 
fore, for A satisfying 

(1 + e)ci ^ m + A 



C2 m — X 



we have 



1 J^3 m + C2V2 - X 

By dSj]) we get 

Jr3 m + W2- X Jr3 



2 



Hence, 

(3.2) e[ wM'<f J^-l^+ I (^m-w, + XM' 
Jrs J^3 m + W2 - X 
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We will use inequality (|3.2p to prove the first part of the equivalence. We 
have 



2 



\a-Vct>\^ 
m + W2 — X 



+ (m + A) / |<AP 
+ / (m-w;i + A)|(/>p+ / wi\(j)\' 



The reverse inequality is immediate. □ 

Proposition 3.3. Let V\ he a singular, radial and positive measure sup- 
ported in R^\{0} and V2 a function that satisfy the conditions in Remark \2.9[ 
Let wi = ciVi , which we denote by fi, W2 > such that W2{x) < C2V2{\x\) 

and C1C2 < p — 7) TTT-- If we take A such that the condition i2.8\) holds 

max{A^, A_] 

and W2 is bounded in a neighborhood of the support of fj,, 

MK = I ^^^ + (m + A)/ I</>p-/ I</>pd^ 
Jm? m + W2- X Jk3 J^i 

defines an equivalent norm in the Hilbert space % given in Proposition \3.2\ . 

The proof runs as in Proposition 13.21 the only difference being in the 
definition of |(/>pd/U. However, since V2 satisfies the conditions in Remark 
it is well-defined. 



Remark 3.4. The same result holds for wi a measure with regular and singu- 
lar parts, as long as the singular part satisfies the conditions in Proposition 
3.31 and the regular part satisfies the ones in Proposition 13.21 



We fix a value A satisfying the condition (j2.8p . In what follows we use 
the notation of this inner product 

ia ■ V(/> 



{(t>,f)H-= {m - wi + X)(j) ■ (f + ■ --ia-Vif. 

J«.3 J^a m + W2- X 

Define T> the domain of the Dirac operator containing all pairs {(f), x) ^ 
H X L2(]k3,c2) such that 

{m-wi + X)(j) -ia -Vx , -icr ■ V0 + (-m -W2 + X)x S L'^{R^, C^). 

We understand the last two expressions in the following sense; the linear 
functional (??, (— m — W2 + X)x) + {—ia ■ V??, (p), which is defined for all test 
functions, extends uniquely to a bounded linear functional on L^(M^,C^). 
Likewise for {r], {m — vui + X)(p) + {—ia ■ Vrj, x)- 

We can now state our main result. 

Theorem 3.5. Under the hypotheses of Proposition \3.1\ \3.S\ or 13.31 the 
Dirac operator Hy defined on T> is self-adjoint. Furthermore, it is the 
unique self-adjoint extension of Hy on C^(M^,C^) such that the domain 
is contained in 7i x L^(R^,C^). 



12 
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Proof. Here we follow the approach of [10|. The self-adjointness is proved 
by showing that Hy is symmetric and that Hy + A is a bijection. 

We start by showing that Hy + A is a bijection from D to L^(M^, C^). To 
prove that the operator is onto pick (Fi,F2) G L^(M'^,C'') and define the 
linear functional T : 7i ^ C such that 

= {Fi,rj)L2^K3^C2)+ I -,-ia-V'n] , r]€n. 

\m + W2-X /l2{m3,c2) 

Let us see that T is bounded. By Cauchy-Schwarz, 

-ia • Vt] 



\T{v)\ < \\Fi\\l2\\v\\l^ + \\m 



L2 



m + W2 — X 



L2 



Since Fi G L^(M'^,C^) and 7] £ T-L, the first term on the right side is well 
defined and bounded. Since F2 G L^(]R^,C^) and 



(3.3) 



-ia ■ Vr/ 



m + W2 — X 



< 



1 



L2 



m — X 7^3 m + W2 — X 



dx < 



m — X 



mn, 



the second term is also bounded. 



We use the Riesz Representation Theorem to conclude that there exists 
a unique cp €T-L such that 



I.e., 



((m -wi + X)(j),ri)i2 + 



—ia ■ Vcj) 



m + W2 — X 
F2 



-ia ■ Vt] 



L2 



Equivalently, 

((m -wi + X)(j),r])L2 + 

Define 



X 



m + W2 — X 

F2+ia ■ V0 
-m — W2-\- X 

F2 + ia ■ V</> 



ia ■ Vr/ 



, —ia ■ Vi] 



L2 



L2 



iFi,r])L2. 



-m — W2 -\- X 

which is in L^{R^,C^), because F2 G L'^{R^,C^) and (/) £ V.. Now by 
definition, 

{{m-wi + X)(t),rj)L2 + (x,-i(T ■V7])l2 = (Fi,7/)i2. 
This holds for all test function r/, but since Fi G L2(m3,C2), the functional 

rj — > {{m- wi +X)(j),r])L2 + (x, -«cr • V7])l2 
extends uniquely to a continuous functional on L^(M^,C^) which implies 

(m — 1 + X)(j) — ia ■ Vx = Fi. 
Now since x is a function in L^(M^,C^), from its definition we have 
(— m — W2 + X)x = F2 + ia ■ V0 a.e. 

so that 

(— m — W2 + X)x — io' • = F2 a.e.. 
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The injection is trivial, because the Riesz Representation Theorem tehs 
that for each (^1,^2) there exists a unique (j) such that (</>, = T{ri) for 
aU T] £ T-L. For {Fi,F2) = (0,0), = satisfies the equation, thus, cj) must 
be zero. And, in consequence, x = 0. 

To prove the symmetry let {(j), x), (0, x) £ ^ and 



{Hv + A) 



X 



X 



((m -wi+ X)<p - ia ■ Vx, </>) + ((-m - W2 + X)x - ' V;/), x)- 



Take 



)h + y{-m -W2 + X) X + 
= ((m - wi + X)(f), (j)) + 



-ia ■ 



-m — W2 + X 

—ia • V</> 
m + W2 — X^ 



-ia ■ V0 



-m — W2 -\- X 



L2 



-ia ■ V(/)^ 



+ (-m - u;2 + A)x, 



-ia ■ 



-m — W2 -\- X 



+ \-ia- V(p, ■ 



L2 



L2 



-m — 7i;2 + A 



((m -wi + X)4>, (j)) + (x, -ia ■ Vcj)) . 



Observe that 

(3.4) {(t>,4>)'H+ \{-m-W2 + X) 



X + 



—ia ■ V4> 



-ia ■ 



' — m — 'W2 -\- X 



L2 



m — ^2 + A 
equals to 

(3.5) ((m — 1111 + X)(p — ia ■ Vx, 4>) 

for (j) € C^(M^,C^). Note also that the first term of (|3.4p makes sense 
because £ 7i and the second one because, since ((/>, x) £ 



(-m - zi;2 + A) 
and since (p £ T-L, 



X + 



-m — W2 + X 



£ L 



2/Tn)3 fn2\ 



-ia ■ 



G L 



2/Tn)3 fn2\ 



— m — W2 -\- X 

as we proved in (|3.3p . (j3.5|) makes sense by definition of the domain. We next 
show that ()3.4p and ()3.5p are continuous in (/> with respect to the "H-norm. 
By definition of the domain. 



((m — wi -\- X)(f) — ia ■ Vx, (Z)) < c| 
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and 



)h + {-m -102 + X) 



X + 



-ia ■ V(p 



-ia ■ V<j) 



{{m -wi + X)4>, <p) + 



+ ix, -ia ■ V(/))l2 +\-ia- V</. 



-m — W2 + X 

—ia ■ 

m + W2 — X^ 

-ia ■ V(j) 



-m 



W2 + X 



L2 



ia ■ V(j) 



L2 



-m — 7^2 + X I 

= {{m-wi + X)(l)J) + {x,-ia-S/^) <cMl2 < cMh, 

where c is a constant. In short, for cp chosen to be in C^(M^, C^), we have two 
expressions that are continuous in (p with respect to ?^-norm that coincide 
in C^(M^, C^). Then, by the Hahn-Banach Theorem, each one has a unique 
extension to a bounded hnear transformation defined on "H. Hence, they 
coincide on the domain. Therefore, we get that 



(Hv + A) 



X 



X 



equals 



)h + (-'^ -W2 + X) 



X + 



-ia ■ V(/) 



-m 



W2 + A 



-ia ■ 



-m 



W2 + X 



L2 



which is symmetric in (</>, x) (0, x)- 

The proof is completed by showing the uniqueness part of the theorem. 
Assume that there exists another self-adjoint extension such that for any 
{(j),x) e D C^(M3,C^), then (0, x) e H x L^(R^,C'^). Since Hy is 
self-adjoint on D' , 

(4>, {m - wi)(/) - ia ■ Vx) + (x, (-m - W2)x - ia ■ V(/>) 
= ((m - wi)(i) - ia ■ Vx, (p) + {{-m - W2)x - ia ■ V0, x) 
for all (</>, x) S C^(IR^,C^). This means that the expressions {m — wi -\- 



X)(f) - ia ■ Vx and (-m - W2 -\- A)x - ia ■ \/<f> belong to L^(IR^,C^) in the 
distributional sense. Thus, {(p^x) ^ i-^-, V d V and V* C {V')* . Now 
since Hy is self- adjoint in T) and T)' , D = D' . 

n 



4. Some Examples 



4.1. Let wi,W2 such that < wi(x) < -r—j and < W2(x) < -r^. Since 

\x\ \x\ 



1 1 
R' R 



1 1 
R' R 



1, Theorem 



I holds for z^iz^2 < 1- 
Observe that we gain freedom on the constants z^i, 1^2 with respect to [lOj . 
While they obtain essentially self-adjointness for supV{x) < j^, < 1, we 
have 1^1,1^2 < 1. Therefore, we can take one of the constants large as long 
as we decrease the other one. 
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4.2. Let wi{x) = a(5|a,|=R, a > and < W2{x) < j^. For Vi{x) = d\x\=R 
and V2(x) = - — r we obtain 

(4.1) / \<p\^da{x)<- [ '^•y'^l' dx + (m-A) / \<P\^ dx, 
J\x\=R 4 J]R3 m + ^ - A JiR3 

3 

where da{x) is the measure in the sphere of radius R, and = A_ = — . 
4 

li av < — , then 
9 

a/ \(t)\^da{x)< j -^^^^^^dx + {m + X) [ {^{"^ dx, 
J\x\=R Jr3 m + 1^ - A J^3 

and therefore Theorem 13^ holds. 



Remark 4.1. (i) Note that the right hand side of 14. II does not depend on R, 
so, we can take the supremum and get 

sup / |(/>|2dcj(x) < ^ / ^^dx + (m-A) / 

R>oJ\x\=R 4 7ig3m+|^-A Jr3 

(ii) Observe that if a tends to zero, can be as large as we want. This 
coincides with the self-adjointness result for 

V ^ \x\ 

which holds for i' € [0, +cxo). 

Remark 4.2. Let wi{x) = ci6\,j.\=ji and < W2{x) < C2^v(^-^) for e > 



and ci,C2 > 0. The inequality we obtain in this case is 

/ \^\'da{x)<ma^{Al,Al} [ ^7^rT\ 



'\x\=R 7R3^ + i^(^J_A 

+ A) / l^pdx. 



If CiC2 < 



max{A^,^2^}' 



|cj- V0|^ 



cilcpl"^ da{x) < I ' y dx + {m + X) I \(p\'^ dx 



\x\=R jR3^+£2.^IEhl\-\ 



< r / |cr-V</>j2dx 

+ / ^— ^^dx + (m + A) / \(t)\^dx. 

Jl~e<\x\<l+e'm+ J - \ J^i 

If e tends to zero we do not recover the Dirac delta function, thus we cannot 
consider the case that W2 is a measure. 
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